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Abstract 

Here we consider a Cahn-Hilliard-Navier-Stokes system characterized by a nonlocal 
Cahn-Hilliard equation with a singular (e.g., logarithmic) potential. This system 
originates from a diffuse interface model for incompressible isothermal mixtures of 
two immiscible fluids. We have already analyzed the case of smooth potentials with 
arbitrary polynomial growth. Here, taking advantage of the previous results, we 
study this more challenging (and physically relevant) case. We first establish the 
existence of a global weak solution with no-slip and no-flux boundary conditions. 
Then we prove the existence of the global attractor for the 2D generalized semiflow 
(in the sense of J.M. Ball). We recall that uniqueness is still an open issue even 
in 2D. We also obtain, as byproduct, the existence of a connected global attractor 
for the (convective) nonlocal Cahn-Hilliard equation. Finally, in the 3D case, we 
establish the existence of a trajectory attractor (in the sense of V.V. Chepyzhov 
and M.I. Vishik). 
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potentials, incompressible binary fluids, global attractors, trajectory attractors. 
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1 Introduction 

In [12] we have introduced and analyzed an evolution system which consists of the Navier- 
Stokes equations for the fluid velocity u suitably coupled with a non-local convective Cahn- 
Hilliard equation for the order parameter </) on a given (smooth) bounded domain fl C M*^, 
d = 2,3. This system derives from a diffuse interface model which describes the evolution 
of an incompressible mixture of two immiscible fluids (see, e.g., [201 1211 [221 [231 [2S] and 
references therein). We suppose that the temperature variations are negligible and the 
density is constant and equal to one. Thus u represents an average velocity and ip the 
relative concentration of one fluid (or the difference of the two concentrations). Then the 



nonlocal Cahn-Hilliard-Navier-Stokes system reads as follows 

(ft + u ■ V^p = Afi, (1.1) 

ut - div{2u{ip)Du) + {u ■ V)u + Vvr = fiVip + h, (1.2) 

fi = aip — J * ip + F'{ip), (1.3) 

div(M) = 0, (1.4) 

in f2 X (0, +00). We endow the system with the boundary and initial conditions 

^ = 0, u = 0, on dn, (1.5) 
on 

m(0) = Mo, ^p{0) = (fo, in n, (1.6) 



where n is the unit outward normal to dQ. Here u is the viscosity, it the pressure, h 
denotes an external force acting on the fluid mixture, J : M'^ — )■ M is a suitable interaction 
kernel, a is a coefficient depending on J (see section below for the related assumptions), 
F is the configuration potential which accounts for the presence of two phases. 

Here we prove the existence of a global weak solution when the double-well potential F 
is assumed to be singular in (—1,1), that is, its derivative is unbounded at the endpoints. 
A typical situation of physical interest is the following (see [S]) 

F{s) = ^((1 + s) log(l + s) + (1 - s) log(l - s)) - (1.7) 

where 9, 6c are the (absolute) temperature and the critical temperature, respectively. If 
< 6 < 9c then phase separation occurs, otherwise the mixed phase is stable. We recall 
that the logarithmic terms are related to the entropy of the system. 
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For the existence of a weak solution, we take advantage of our previous analysis for 
regular potentials (i.e., defined on the whole M) with polynomially controlled growth of 
arbitrary order (see [12]) and we use a suitable approximation procedure inspired by [TB]. 
Then, we extend to potentials like fll.71) the results obtained in [T7] for regular potentials. 
Such results are concerned with the global longtime behavior of (weak) solutions. More 
precisely, in the spirit of [4], we can define a generalized semiflow in 2D and prove that it 
possesses a global (strong) attractor by using the energy identity. Then we analyze the 
3D case by means of the trajectory approach introduced in [2B] and generalized in [TU]. 
In this framework, we show the existence of a trajectory attractor. 

We recall that the chemical potential of the corresponding local Cahn-Hilliard-Navier- 
Stokes system is given by // = —^Lp + F'{ip). Therefore it can be seen as an approximation 
of the nonlocal one (cf. [12] and references therein). The local system with a singular 
potential has been analyzed in [T],[21[7| (for regular potentials see, e.g., [TSl [121 [23 121] and 
references therein). Most of the results known for the Navier-Stokes equations essentially 
hold for the coupled (local) system as well. On the contrary, in the nonlocal case, due 
to the weaker smoothness of if, proving uniqueness and/or getting higher-order estimates 
seem a non-trivial task even in dimension two (see [121 fT7]). 

We conclude by observing that the technique we use in 2D can be easily adapted 
to show that the (convective) Cahn-Hilliard equation with a singular potential has a 
connected global (strong) attractor (for regular potentials see [T7] and references therein, 
cf. also [31 [U] for results on the local case). 

The plan goes as follows. In the next section, we introduce the weak formulation of 
our problem. Then we state the existence theorem whose proof is given in Section 3. 
Section 4 is devoted to the global attractor in 2D, while Section 5 is concerned with the 
existence of the trajectory attractor. 

2 Weak solutions and existence theorem 

Let us set H := L^iVt) and V := H^{Q). For every / G V we denote by / the average of 
/ over f2, i.e.. 

Here \VL\ stands for the Lebesgue measure of Vl. 
Then we introduce the spaces 

V^:={veV = 0}, :={feV':J= 0}, 
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and the operator A : V ^ V , A e C{V, V) defined by 

{Au,v) := / Vu-Vv VM,weK 



We recall that A maps V onto Vq and the restriction of A to Vq maps Vq onto Vq isomor- 
phically. Let us denote by Af : Vq ^ Vq the inverse map defined by 

A^f = /, V/ G Vq and MAu = u, Vn G Vq. 

As is well known, for every / G V^, M f is the unique solution with zero mean value of 
the Neumann problem 

—Am = /, in f2 
1^ = 0, on dVL. 

Furthermore, the following relations hold 

(Am, AT/) = (/,«), 'iueV, V/gK, (2.1) 

U\J^9) = {g.J^f) = I V{^f) ■ V{Afg), V/,^ G V^. (2.2) 

Jn 

We also consider the standard Hilbert spaces for the Navier-Stokes equations (see, e.g.. 



Gd„ := {u G C^iny : div(M) = 0} ' \ V^i, := {u G iJo(^) ■ div(M) = 0}. 

We denote by || ■ || and (-, ■) the norm and the scalar product on both H and Gdiv, 
respectively. We recall that Vdiv is endowed with the scalar product 



'")Vai. = (Vu, Vv), Wu, V G Va 



div 



We shall also use the definition of the Stokes operator S with no-slip boundary condition. 
More precisely, S : -0(5*) C Gdiv — ^ Gdiv is defined as S := —PA with domain D{S) = 
H^{fiy n Vdiv, where P : L^{Qy Gdiv is the Leray projector. Notice that we have 



{Su,v) = {u,v)v,,^ = {Vu,Vv), WueD{S), \fveV 



div 



and S^^ : Gdiv Gdiv is a self-adjoint compact operator in Gdiv Thus, according with 
classical spectral theorems, it possesses a sequence {Xj} with < Ai < A2 < ■ ■ ■ and 
Xj — )■ 00, and a family {wj} C D{S) of eigenfunctions which is orthonormal in Gdiv It is 
also convenient to recall that the trilinear form b which appears in the weak formulation 
of the Navier-Stokes equations is defined as follows 

b{u,v,w) = / {u-'V)v-w, yu,v,wGVdiv 
Jq 
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We suppose that the potential F can be written in the following form 

F = Fi + F2, 

where Fi G C^'^~^'^'^\—l, 1), with q a fixed positive integer, and F2 G C^([— 1, 1]). 

We can now list the assumptions on the kernel J, on the viscosity z/, on Fi, F2 and on 
the forcing term h. 

(Al) JeW^'\R'^), J{x) = J{-x), a{x):= / J{x - y)dy > 0, a.e. x e Q. 

Jn 

(A2) The function 1/ is locally Lipschitz on M and there exist z/i, z/2 > such that 

^1 < ^{s) < z/2, Vs G M. 

(A3) There exist ci > and eo > such that 

+"^^(5) > ci, Vs G (-1, -1 + eo] U [1 - eo, 1). 

(A4) There exists eo > such that, for each k = 0,1, ■ ■ ■ ,2 + 2q and each j = 0, 1, ■ ■ ■ , g, 

Fi''\s)>0, VsG[l-eo,l), 

Fi''+'\s) > 0, Fi''^'\s) < 0, Vs G (-1, -1 + eo]. 

(A5) There exists eo > such that F^'^'^'^'^^ is non-decreasing in [1 — eo, 1) and non- 
increasing in (—1,-1 + eo]. 

( A6) There exist a, /3 G M with a + (3 > — min[_i 1] F2 such that 

F^'(s) >a, Vs G (-1, 1), a{x) > f3, a.e. x e Q. 

(A7) lim,^±iFi'(s) = ±00. 

(A8) h G L\0, T- V^J for all T > 0. 

Remark 1. Assumptions (A3)-(A7) are satisfied in the case of the physically relevant 
logarithmic double-well potential ( II. 7p for any fixed positive integer q. In particular, 
setting 

F,{s) = ^((1 + s) log(l + s) + {l-s) log(l - s)), F2{s) = 
then (A6) is satisfied if and only if P > 6^ — 6. 



Remark 2. The requirement a{x) > (3 a.e x G is crucial (see O Rem. 2.1], cf. also 
[6]). For example, in the case of the double-well smooth potential F{s) = (s^ — 1)^, 
which is usually taken as a fairly good smooth approximation of the singular potential, 
the existence result in [12] requires the condition a{x) > (3 with /3 > 4. 

The notion of weak solution to problem fll.ip -f lTT^ is given by 

Definition 1. Let uq G Gdi.y, ^po E H with F{ipo) G L^{Q) and < T < +oo be given. A 
couple [u,ip] is a weak solution to f ll.ip - fll.6p on [0,T] corresponding to [uQ,ipQ] if 

• u, if and II satisfy 

u G L°°(0,T; Gdi.) n L2(0,T; V^,™), (2.3) 

UteL'"\Q,T■X^.). d = 3, (2.4) 

w,GL2(0,T;K;J, zf d = 2, (2.5) 

^ e L°^{0,T;H)nL\0,T;V), (2.6) 

^teL\0,T-V'), (2.7) 

H = acp- J*ip + F'{ip) e L'^iO,T;V), (2.8) 

and 

cpeL^^iQ), \^{x,t)\<l a.e. (x,t) G g := X (0,T); (2.9) 

• for every tp E V , every v G V^iv and for almost any t G (0, T) we have 

{ipt, tfj) + (V/i, VV^) = (n, ^VtP), (2.10) 
{ut, v) + {2u{lp)Du, Dv) + 6(m, m, v) = -(</?V/i, w) + {h, v); (2.11) 

• the initial conditions u{0) = uq, ip{0) = (po hold. 

Theorem 1. Assume that (Al)-(A8) are satisfied for some fixed positive integer q. Let 
Uq G Gdiv, 'Po £ L°°{Q) such that F{ipo) G L^{Q). In addition, assume that \Tpq\ < 1. 
Then, for every T > there exists a weak solution z := [u,p] to fll.ll) - fll.6l) on [0,T] 
corresponding to [uq, i^q] such that Tp{t) = Tp^ for all t > [0, T] and 



G L°°(0,T;L2+29 ((])). (2.12) 



Furthermore, setting 



£{u{t),p{t)) = l\\u{t)f + ] I I .J{x-y){p{x,t)-p{y,t)Ydxdy+ I F{p{t)), 



2" ' 4 




n Jn Jn 
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the following energy inequality holds 

S{u{t), ^(t)) + (211 y^Duir) f + II V^(r) f ) dr < S{u{s), ^{s)) + j\h{r), u{r))dr, 

(2.13) 

for all t > s and for a. a. s G (0, 00), including s = 0. If d = 2, the weak solution 
z := [u, ip] satisfies 

j^S{u, ^) + 2|| ^M^Duf + II V/if = {h, u), (2.14) 
i.e., equality holds in fl2.13p for every t >0. 

Recalling [T71 Corollary 1, Proposition 5], we can also deduce an existence (and unique- 
ness) result for the convective nonlocal Cahn-Hilliard equation with a given velocity field. 

Corollary 1. Assume that (Al) and (A3)-(A7) are satisfied for some fixed positive integer 
q. Let u G Lf^^{[^, 00)] Vdiv H L°°{VlY) he given and let (pQ G L°°(fi) such that F{lpq) G 
L}{VL). In addition, suppose that \Tp^\ < 1. Then, for every T > 0, there exists a unique 
If G L2(0,T;1/) nH\0,T;V') which fulfills ^M) and ^TV^ . solves ^TW^ on [0, T] with 
fi given by (12. 8 p and initial condition (p{0) = (fio- In' addition, for all t > 0, we have 
{(pit), 1) = {fo, 1) and the following energy identity holds 

Jti^j^jj^''- ^) ~ ^^y^ t)fdxdy + y F((^(t))^ + II V^f = (n(^, V/i). 

(2.15) 

Remark 3. Note that, thanks to ([M]), i^Bj and fl^T^ . we have that 

F'(^) G L2(0,T;\/), F((^) G L°°(0,T;Li(n)), VT > 0. 

Remark 4. The regularity property (I2.12p does not follow from (12. 9p . Indeed, recall that 
L°^(0,r;L°°(l])) C L°°((5) with strict inclusion. 



3 Proof of Theorem [T] 

We consider the following approximate problem P^: find a weak solution [m^, v^e] to 

+ Me ■ VV?^ = A/i„ (3.1) 
U[ - div(l/(v9e)2L'Me) + (Me " V)Me + VvTe = /ieVf/^e + /i, (3.2) 

^i^ = aip^- J *ip^ + Fl{ip,), (3.3) 
div(Me) = 0, (3.4) 
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^ = 0, = 0, on an, (3.5) 
on 

u,(0) = no, (pe{0) = (po, in Q. (3.6) 

Problem is obtained from fll.ll) - (ll.6l) by replacing the singular potential F with the 
smooth potential 

= + F2, 

where Fi^ is defined by 

Ff+^'^)(l-e), .>l-e 
f(^^'^)(,) = <; Ff+^'^)(s), |.|<l-6 (3.7) 
Fi'^"'\-l + e), s<-l + e 

and Fi,(0) = Fi(0), F;,(0) = ^{(0),. . . F^+''')(0) = Fi'^^'\o), while F2 is a ^^(R)- 
extension of F2 on R with polynomial growth satisfying 

F2{s) > min F2 - 1, ^2(5) > min F^' , Vs G R. (3.8) 

The following elementary lemmas are basics to obtain uniform (w.r.t. e) estimates for 
a weak solution to the approximate problem. 

Lemma 1. Suppose that (A3) and (A4) hold. Then, there exist Cq,dq > 0, which depend 
on q but are independent of e, and Cq > such that 

Fe{s) > Cg\s\^+^'^ - dg, VseR, Vee(0,eo]. (3.9) 

Proof. By integrating (13.71) we get 

EltlHFi'\l-e)[s-{l-e)r, s>l-e 
Fi,(s) = { Fi(s), |s| < 1 - e (3.10) 
Eltl' + e)[s- (-1 + 6)]^ . < -1 + e. 



Due to (A4) we have, for e small enough 

1 

(2 + 2g)! 



Fuis) > —^—-rFi'+''\l -e)[s-{l- e)]2+2., Vs > 1 - e. 



so that, in particular, 

F,^{s) > _J-_Ff +'"^(1 -e){s- 1)2+29 Vs > 1, 
^ ' - (2 + 2g)! 1 V A ; : 

and (A3) implies that (for e small enough) 

Fu{s) > 2cg{s - 1)2+29 > c,s2+29 - dg, Vs > 1, 
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where Cq = Ci/2(2 + 2q)\ and dq is another constant depending only on q. Furthermore, 
we have Fi^{s) = Fi{s) > > c^s^"'"^'^ — for < s < 1 — e, provided we choose dq > Cq, 
while for 1 — e < s < 1 we have Fi^ > 2cq[s — (1 — e)]^+^'^ > > CgS^"'"^'^ — dq. Summing 
up, we deduce that there exists eo > such that Fi^{s) > CgS^"*"^^ — dg, for all s > and 
for all e G (0, eo]. By using (13. 8p we also get (13. 9 p for s > 0. Similarly we obtain (13. 9p for 
s < 0. □ 

Lemma 2. Suppose (A4) and (A6) hold. Then, setting Cq := a + /3 + min[_i^i] F2 > 0, 
there exists ei > such that 

+ a(x) > Co, VsGM, a.e.xeQ, VeG(0,ei]. (3.11) 

Proof. From (I3.10p we have 

E?=oF^r''(i-^)[^-(i-* ^>i-e 

Kis)={ Fi'is), \s\<l-e (3.12) 



e. 



Assumption (A4) implies that for e small enough F['^{s) > F['{1 — e) for s > 1 — e and 
FUs) > F{'{-1 + e) for s < -1 + e. Since F[[{s) = Fl'{s) for \s\ < 1 - e, (A6) implies 
that there exists ei > such that 

Fi'.is) > a, Vs G M, Ve G (0,ei]. (3.13) 

This estimate together with (13. 8 p and (A6) imply (13. lip . □ 

Due to the existence result proved in [12], for every T > 0, Problem admits a weak 
solution := [ue, (Pe] such that 

G L°°(0, T; Gdi.) n L'{0, T; l^^^), (3.14) 

<GL^/=^(0,T;\/jJ, if d = 3, (3.15) 

<GL2(0,T;V:;J, if d = 2, (3.16) 

e L°°(0, T; L2+2''(f])) n L2(0, T; V), (3.17) 

<^:gL2(0,T;\/'), (3.18) 
/i, GL2(0,T;V^). (3.19) 

Indeed, it is immediate to check that all the assumptions of [T2| Theorem 1] and of 
[T2| Corollary 1] are satisfied for Problem P^. In particular, we use Lemma [H Lemma [2] 
and the fact that, due to the definition of Fi^ and to the polynomial growth assumption 
on F2, assumption (H5) of [121 Theorem 1] is trivially satisfied for each e > (with some 
constants depending on e). 
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Furthermore, according to [121 Theorem 1] and using (A2), the approximate solution 
:= satisfies the following energy inequality 



\\W{t)f^ \ [ [ J{x - y){ip,{x,t) - ^,{y,t)fdxdy + I F,{^,{t)) 
'n Jn Jn 



2" ^" ' 4 



* 11,, 



+ / (i^il|Vn,||' + ||V/i,|nrfr < -||uof + - / / Jix-y){ipo{x)-ipo{y)) dxdy 
Jo ^ ^JnJn 

+ I F,(v.o)+ / {h,u,)dT, Vte[0,T]. (3.20) 
Jo. Jo 

From (A5) it is easy to see (cf. (13.331) and (13.341) below) that there exists ei > such that 

Fuis)<Fi{s), VsG(-l,l), VeG(0,ei]. (3.21) 

Therefore, using the assumptions on (po, uq and Lemma 1, from (I3.20p we get the following 
estimates 

\\Ue\\L°-{0,T;Ga^v)nL2{0,T;Vai^) < C, (3.22) 
|IV^e||L°°(0,T;L2+29(Q)) < C, (3.23) 
||V/ijL2(0,T;H) < C. (3.24) 

Henceforth c will denote a positive constant which depends on the initial data, but is 
independent of e. 

We then take the gradient of (13. 3p and multiply the resulting identity by V(pe in L'^[Q). 
Arguing as in [12], we get 

llV/i.f >|||V^.ir-A:||(p,f, 
with k = 2||VJ|||i. This last estimate together with (13.231) and (I3.24p yield 

\\¥^e\\LHO,T;V) < C (3.25) 

As far as the bounds on the time derivatives {u'^} and {^'^} are concerned, on account of 
(13. ip and (13. 2p . arguing by comparison as in [12] one gets 

\\v'e\\L^O,T;V') < C, (3.26) 

\K\\lho,T;V^j <c, d = 2 (3.27) 
IKIL4/3(o,T;yj,j < c, d = 3. (3.28) 

In order to obtain an estimate for {fie} we need to control the sequence of averages {JI^}. 
To this aim observe that equation (13. ip can be written in abstract form as follows 

f'^ + u, ■ = -Afi, in v. (3.29) 
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Let us test (Km by Af{F^{ip,) - F^{(p,)) to get 



(3.30) 



Recall that Ue ■ V(/?e = 0. On the other hand, we have 



1 



> 2ll^.'(^^) - -l^\\aVe-J* > -im^e) - F^iVeW " Cj\M'. (3.31) 

Therefore, by means of fl3.3ip and (13.231) . from (I3.30p we deduce 



||f;(^,) - F^i^M < ciWWM + Win. . Vy^JII + 1) 

<c(||(^:i|v.' + ||n,- V<^Jy^' + l). (3.32) 

Observe now that, due to (A4) and (A5), there holds 

\FUs)\ < \Fi{s)l \fs e (-1,1), Ve e (0,ei], (3.33) 

for some ei > 0. Indeed, for s G [1 — e, 1) we have 

^ E - - (1 - e)]' = ^i'.(^), (3.34) 

fc=0 

for e small enough, where ^ G (1 — e, s) and where we have used the fact that, due to (A5), 
^(2+2q)^^^ > +^'^^(1 - e). Arguing similarly, we get F[^{s) > F{(s) for s e (-1, -1 + e] 
and for e small enough. However, due to (A4) and (A7), for e small enough we have that 
FUs) > F{{l-e) > for s > 1-e and F{^{s) < F/(-l + e) < for s < -1 + e. Recalling 
also that Fl^{s) = Fl{s) for |s| < 1 — e, we obtain fl3.33p . 

Let So G (—1, 1) be such that F'{so) = (cf. (A7)) and introduce 

H{s) := F{s) + ^{s - So)^ H.{s) := F,(s) + ^{s - So)^ (3.35) 

for every s G (—1,1) and every s G M, respectively. Observe that, owing to (13. lip . H'^ 
is monotone and (for e small enough) H'^{so) = F'{so) = 0. Since Tpo G (—1, 1), we can 
apply an argument devised by Kenmochi et al. (see also [13]) and deduce the following 
estimate 



6\\H'^{ip,)h^n) < / {v.-^)m^,)-H^{^,)) + Km (3.36) 



n 
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where 6 depends on <^ and K(J^) depends on Ipo, F, \Q\ and a. For the reader's con- 
venience let us recall briefly how f l3.36p can be deduced. Fix mi,m2 G (—1, 1) such that 
'^1 ^ Sq < m2 and mi < ^ < m2. Introduce, for a. a. fixed t G (0,T), the sets 

fio := {fTT-i < Ve{x,t) < m2}, r^i := {ipe{x,t) < nil}, ^2 := We{x,t) > 1122}. 

Setting 6 := min{^ — mi, m2 — (po} and 61 := max{^ — mi, m2 — ^}, then for e small 
enough we have 

6\mvMLHn) = s [ \h:{v,)\+6 [ mv,)\+6 [ mv,)\ 

Jni Jn2 Jqo 

jQi Jn2 Jqo 

< [ {ip,{t)-Tp^)H'^{ip,) + {5i + 5) [ \\Fiiip,)\ + \F^{ip,)\+a^\^,-So\], 
Jn Jno ■' 

where we have used fl3.33p . We therefore get (13.361) with Kijfo) given by 
K{Tp^) = {61 + 6)\n\ ( max (|Fi'| + \F^\) + 000^2) , 

V [mi, 7712] / 

with 62 := max{so — mi, m2 — sq}. On account of the definition of and recalling f l3.32p 
we obtain 



\\H'^{fe) - H'^{Ve)\\ < C{\\ip',\\vi + \\U, ■ VfeWv^ + 1) + «oo||V5e " <^o\\- (3.37) 

Therefore, by means of f l3.36p - fl3.37p and using the following bound (cf. fl3.22p and 
f lX^ . see [ig for details) 

\\Ue ■ Vv5e||L2(0,r;yo') < C, 

we infer that there exists a function G L^(0,T) depending on ^ such that 

WF^ivMi^in) < L^. (3.38) 

Since J^f^e = /n-^e'(v^e)' then ||/uI||l2(o,t) < c. Hence by Poincare-Wirtinger inequality 
and (ESID we get 

||Ate|U2(0,T;l/) < C. (3.39) 

Estimates dMS]), (K2^ . fl3:25|) - fl3:28|) . f l339|) and well-known compactness results 
allow us to deduce that there exist functions u G L°°{0,T] Gdm) H L^(0, T; V^i^), (p G 
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L°°{0,T;L'^+^'^{n)) n L'^{0,T;V) n H\0,T;V'), and /i G L\0,T;V) such that, up to a 
subsequence, we have 





^ U 


weakly* in L°°fO, T; Gm-,,), weakly in L^fO, T; V^-,.), 


(3.40) 




-> M 


strongly in L'^{0,T;Gdiv), a-e. in x (0,T), 


(3.41) 




^ Ut 


weakly inL4/3(0,r;V^jJ, = 3, 


(3.42) 






weaklyinL2(0,T;V:;j, d = 2, 


(3.43) 




^ 


weakly* in L°°(0, T; weakly in ^^(0, T; 1/), 


(3.44) 






strongly in ^^(0, T; i/), a.e. in x (0, T), 


(3.45) 






weakly in L2(0,T; 1/'), 


(3.46) 






weakly in L^(0,T; V"). 


(3.47) 



In order to pass to the limit in the variational formulation for Problem and hence 
prove that z = [u, (p] is a weak solution to the original problem, we need to show that 
\ip\ < 1 a.e. in Q = Q X (0,T). To this aim we adapt an argument devised in [13]. Thus, 
for a. a. fixed t G (0, T), we introduce the sets 

:= W,{x,t) >l-v}, := W,{x,t) < -1 + r/}, 

where r] G (0, 1) is chosen so that sq G (—1 + rj,! — rj) with sq such that F'{so) = 0. For 
e small enough, recalling that H'^{s) > for s G [sq, 1) and H'^{s) < for s G (—1, sq], we 
can write 

H',{l-v)\ElJ < WH'.i^MLHn), m-l + v)mj < \\H:icp,)\\L.^n), (3.48) 

and observe that ||if^(v9j ||ii(f7) < (cf. f l3.38p ). Furthermore, as a consequence of the 
pointwise convergence fl3.45p and by using Fatou's lemma, it is easy to see that we have 

|Ei,J <liminf |E2,J < liminf I, (3.49) 

where 

El,r, ■= t) > 1 - T]}, E2^r, ■= {f{x, t) < -1 + T]} . 

Hence, due to the pointwise convergence H'^{s) — )■ H'{s), for every s G (—1, 1), we get 
from (E3HD and ( K^f 

Letting r/ — )■ and using (A7) we obtain \{x G fl : \(p{x,t)\ > 1}| = for a.e. t G (0,T) 
and therefore \(p{x,t)\ < 1 for a.e. {x,t) G Q. This bound, the pointwise convergence 
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fl3.45p in Q and the fact that — F' uniformly on every compact interval included in 
(—1,1), entail that 

Fl^iif,) -> F'{ip) a.e. in Q. (3.51) 

Convergences fl3.40p - fl3.47p and 03.510 allow us, by a standard argument, to pass to 
the limit in the variational formulation of Problem and hence to prove that z = [u, (f] 
is a weak solution to f ll.ip - fll.6p . 

Let us now establish the energy inequality f l2.13p . Let us first show that f l2.13p holds 
for s = and t > 0. Indeed, the energy inequality satisfied by the approximate solution 
= [ue, ipe] can be written in the form 

l\Km' + l\\V^vM\'-lMt),J*iPe{t))+ I F,{^,{t)) 

I"* , \ 1 1 1 

+ / \^\\^v{Lp,)Du,f + ||V/ieirjrfr < -||nof + -||v^<^of - -^[h^q. J * Vo) 

J 

+ / F,(<^o)+ / {h,u,)dr, Vt>0. (3.52) 
Jo. Jo 

We now use the strong convergences f l3.4ip and (13.451) . the weak convergences fl3.40p and 
f l3.47p . the bound f l3.2ip for the approximate potential Fi^, the fact that F^{(p^(t)) — )■ 
F{ip{t)) a.e. in Q and for a.e. t G (0,T) (see fl3.5ip ) and Fatou's lemma. Observe that, 
as a consequence of the uniform bound || a/ i^i^e) ||oo ^ strong convergence 



a/ iy{^e) a/ in L^(0, T; H) and of the weak convergence fl3.40p . we have 

^/^A^Du, ^u{^)Du, weakly in L2(0, T; H). (3.53) 

By letting e — )■ 0, from fl3.52p we infer that fl2.13p holds for almost every t > 0. Fur- 
thermore, due to the regularity properties of the solution, there exists a representative 
z = [u,(p] such that u G C w {[0, oo); Gdiv) and (p G C{[0, oo); H) (henceforth we shall 
always choose this representative). Therefore, (12.131) holds for all t > since the func- 
tion S{z{-)) : [0, oo) — )■ M is lower semicontinuous. The lower semicontinuity of £^ is a 
consequence of the fact that F is a quadratic perturbation of a (strictly) convex func- 
tion in (—1,1). Indeeed, by (A6) we have that F"{s) > a*, for all s G (—1,1), with 
a* = a + min[„i 1] Fg'- Then F can be written in the form 

F{s) = G{s) + (3.54) 

with G convex on (—1,1) (see (TTJ Lemma 2]). 

Let us now prove that the energy inequality fl2.13p also holds between two arbitrary 
times s and t. Indeed, setting 

£:,(z,(t)) = lh,(t)|p + i||v/^^,(t)f -l(^,(t),J*^,(t))+ I F,M)), (3.55) 
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and applying [T71 Lemma 3], we deduce (see Remark [5]) that the approximate solution 
= [ue, (Pe] satisfies 

S,{z,{t)) + j^ (2||v/^%JDn,f + II V/i,fj^r< + ^ (/i,n,)rfr, (3.56) 

for every t > s and for a.e. s G (0, oo), including s = 0. 
Define in such a way that 

F,{s) = GM + Y^', (3.57) 
with a* as in f l3.54p . Since, due to fl3.13p . is convex on (—1, 1), then we can write 

G,{^,)<G,{^) + G',{v,){v,-V). 
Hence, for every non-negative G V{0,t), we have 



a(¥^.)V^< / G,{v)i,+ / G:{^,){^,-^)i:, 
Qt JQt JQt 

where Qt := x (0,t). Thus, thanks to fl339|l and (EH]), we get 

G'e{'^e)ife - < c\\G'^{ipe)\\LHO,T;H)\\Ve - || L2(0,r;H) < c\\(f, - f\\L-2{0,T;H) 0, 



as e — 0. Here we have used the fact that, since ||-Fe(v^e)||L2(o,T;_H') < c and G[{iPf) = 
F'^{ip^) — a^^p^, then ||G'^(</?e)||L2(-o.T;H) < c. Therefore, by using Lebesgue's theorem (recall 
fl3.2ip and the fact that |</?| < 1 a.e. in Q) we find 

limsup / G^{(p^)'ijj < lim / G^{(p)ip = / G{(p)'ijj. 
^^0 jQt ^-^^JQt JQt 

On the other hand, thanks to Fatou's lemma and to the pointwise convergence -Fe(v^e) 
F{(f), we also have the liminf inequality. Then, on account of fl3.54p and f l3.57p . we deduce 
that 

' F,{^,)^^ I F{^)^, V^/;Gl)(0,t), V^>0. (3.58) 

JQt 

Let us multiply fl3.56p by a non-negative ip G ^^(0, t) and integrate the resulting inequality 
w.r.t. s from and t, where t > is fixed. We obtain 

£,{z,{t)) ^{s)ds + ^{s)ds (2||v/K^^«ef + II V/i,f)rfr 

< / £^{z^{s))il){s)ds + I 'ip{s)ds / {h,Uf:)dT. 

Jo Jo Js 
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By using strong and weak convergences for the sequence {z^} and fl3.58p . passing to the 
hmit as e — )■ in the above inequahty, we infer 



S{z{t)) j '^{s)ds + j ilj{s)ds (^2 II v^K^^w f + II V/if)rfr 
< / S{z{s))'ijj{s)ds + / 'ijj{s)ds / {h,u)dT, 



which can be rewritten as follows 

V,{t) [ 4j{s)ds < [ V,{s)4j{s)ds, 
Jo Jo 

where 

V,{t) := S{z{t)) + (211 ^Mp)Duf + || V/i||^)dr - j\h, u)dr. 
Thus we have 

- VM)ij{s)ds > 0, G 2)(0,t), ^ > 0, 

which implies that Vz{t) < Vz{s) for a.e. s G (0,t). Therefore, fl2.13l) is proven. 

Finally, for = 2, we can choose Ut and ipt as test functions in fl2.10p - fl2.lip . due to 
their regularity properties, then use (13.541) and [m Proposition 4.2] and deduce fl2.14p 
(see [12] for details). 

Remark 5. In [TTl Lemma 3] a growth assumption is made on the regular potential (poly- 
nomial growth less then 6 when d = 3). Therefore, the application of [TTl Lemma 3] to 
obtain the approximate energy inequality fl3.56p would require the condition q = 1 (recall 
that the approximate potential has polynomial growth of order 2 + 2q). Nevertheless, 
by exploiting an argument of the same kind as above and by suitably approximating reg- 
ular potentials of arbitrary polynomial growth by a sequence of potentials of polynomial 
growth of order less then 6, it is not difficult to improve [TTl Lemma 3] and remove such 
growth assumption. Therefore [TTl Lemma 3] can be extended to regular potentials of 
arbitrary poljTiomial growth and (13.560 also holds for g > 1. 



4 Global attractor in 2D 

In this section we first prove that in 2D we can define a generalized semifiow on a suitable 
metric space which is point dissipative and eventually bounded. Furthermore, we 
show that such generalized semifiow possesses a (unique) global attractor, provided that 
the potential F is bounded in (—1, 1) (like, e.g., (11. 7p ). The argument is a generalization 
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of the one used in [T7] and based on Henceforth, we refer to [4] for the basic definitions 
and results on the theory of generahzed semifiows. 

Consider system f ll.ip -f lT^ endowed with fll.Sp for d = 2 and assume that the external 
force h is time-independent, i.e., 

(A9) h e y^,. 

The first step is to define a suitable metric space for the weak solutions and conse- 
quently to construct a generalized semiflow. To this aim, fix mo G (0, 1) and introduce 
the metric space 

'^mo •= Gdiv X 3^mo) (4-1) 

where 

yrao ■= e L°°(fi) : |<^| < 1 a.e. in fi, F{^) e L\n), |^| < mo}. (4.2) 
The space is endowed with the metric 

d{zi, Z2) := \\ui - U2\\ + W^pi - (p2\\ + [ F{ipi) - [ F{ip2) \ (4.3) 



Jn Jn 

for every Zi := and Z2 := [u2,V52] in '^mo- Let us denote by Q the set of all weak 

solutions corresponding to all initial data zq = [uo,(Pq] G X^o- We prove that ^ is a 
generalized semiflow on X^o- 

Proposition 1. Let d = 2 and suppose that (Al)-(A7) and (A9) hold. Then Q is a 
generalized semiflow on X^q- 

Proof. It can be seen immediately that hypotheses (HI), (H2) and (H3) of the definition 
of generalized semiflow [H Definition 2.1] are satisfied. It remains to prove the upper 
semicontinuity with respect to initial data, i.e., that Q satisfies (H4) of [U Definition 2.1]. 
We can argue as in [T71 Proposition 3]. Thus we only give the main steps of the proof. 
Consider a sequence {zj} C with Zj := [uj,ipj] such that Zj{0) := [m^o, V^jo] Zq : = 
[uq, ipo] in Xjno- We have to show that there exist a subsequence {zj^} and a weak solution 
z ^ Q with 2(0) = Zq such that Zj^{t) — )■ z{t) for each t >0. Now, every weak solution Zj 
satisfies the energy identity (12.141) so that 



nz,{t)) + 1^ {2\\^^)Du,iT)r + \\Vfi,ir)r)dr = £{z,o) + j\h,u,{T))dT, (4.4) 

where ZjQ := ^^(0). From this identity and using the assumptions on F we deduce esti- 
mates of the form fl3.22p - fl3.28p . Furthermore, since Iv^ojl < mo and mo G (0, 1) is fixed. 
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we can repeat the argument used in the existence proof to control the sequence of the 
averages of the approximated chemical potentials (see fl3.29|) - fl3.38p ) and get 

||i^'(^,)llLMf^) <^-o; (4.5) 

where L^,, G L^(0,T). Hence, an estimate of the form fl3.39p for fij holds. From these 
estimates we deduce the existence of a couple z = [u, ip] and of a function fi with u, ip and 
/i having the regularity properties f l2.3p - fl2.8p and such that f l3.40p -f l3^Tr|) hold for suitable 
subsequences of {uj}, {(pj} and {/ij}. In order to prove that z = [u, ip] is a weak solution 
by passing to the limit in the variational formulation for zj we need to know that fl2.9p 
is satisfied for ip. To this aim we use the same argument we applied to the sequence of 
approximate solutions {^Pe} (cf. proof of Theorem [1]). 

More precisely, for rj G (0, 1) fixed and for a.a. fixed t > 0, we can introduce the sets 

Kv '■= ^) > 1 - V}, E{n ■= {^A^. t)>-l+ r/}, 

and so we have 

H\l-r^)\El^\ < ||/J'(^,)llLMn), \H' {-I + r^)\\El.^\ < ||i7'((^,)IUnn), 

where H is defined as in fl3.35p . Therefore, recalling f l4.5p . by first letting j — )■ oo and 
then ?7 — )■ we can deduce that 

\ip{x,t)\ < 1 for a.e. a; G f2 and for a.e. t > 0. 

On the other hand, since we also have 

Uj{t) u{t) weakly in Gdiv, ~^ weakly in H, Vt > 0, 

then z{0) = zq. It remains to prove the convergence of the sequence {zj{t)} to z{t) in 
Xjno for each t > 0. Reasoning as in [17], we represent the singular potential F as follows 

F(s)=G(x,s)-(a(a:)-|)^, 

where cq = a + f3 + min[_i i] Fg' > 0. Here, due to (A6), the function G{x, ■) is strictly 
convex in (—1, 1) for a.e. x & Q. Therefore, the energy S can still be written as 

1 Co 1 f 

and the same argument used in [TTl Proposition 3] applies. □ 

As done for regular potentials (see [IT]), a dissipativity property of the generalized 
semiflow Q can be proven in the case of singular (bounded) potentials. 
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Proposition 2. Let d = 2 and suppose that (A1)-(A7), (A9) hold. Then Q is point 
dissipative and eventually bounded. 

Proof. Recalling the proof of [T2l Corollary 2] a dissipative estimate can be established, 
namely, 

S{z{t)) <S{zo)e^''' + F(if^)\Q\+K, Vt > 0, (4.6) 

where k, K are two positive constants which are independent of the initial data, with K 
depending on VL, z/i, J, F, ll^llyj-^- From (14 .Gp we get (see [T71 Proposition 4]) 

d}{z{t), 0) < c£{zo)e"''^ + cM„„ + c, Vt > 0, 

which entails that the generalized semifiow Q is point dissipative and eventually bounded. 

□ 

We can now state the main result of this section. 

Proposition 3. Let d = 2 and suppose that (A1)-(A7), (A9) hold. Furthermore, assume 
that F is hounded in (—1, 1). Then Q possesses a global attractor. 

Proof. In light of Proposition |2] and by [H Proposition 3.2] and [U Theorem 3.3] we only 
need to show that Q is compact. Let {zj} C ^ be a sequence with {-2^(0)} bounded in 
'^mo- We claim that there exists a subsequence {zj,^} such that Zj^,{t) converges in 
for every t > 0. Indeed, the energy identity ( 14. 4p entails the existence of a subsequence 
(not relabeled) such that (see the proof of Proposition [T]) for almost alH > 

Uj{t) — u(t) strongly in Gdiv, '^jif) ~^ vit) strongly in H and a.e. in Q, 

where z = [u, ip] is a weak solution. Since F is bounded in (—1, 1), by Lebesgue's theorem 
we therefore have 

[ F{^,{t)) ^ [ F{^{t)), a.e. t > 0. 
Jn Jn 

Hence S{zj{t)) S{z(t)) for almost all t > 0. Thus, arguing as in [171 Theorem 3, 
Proposition 3], we deduce that Zj(t) — )■ z(t) in for all t > 0, which yields the 
compactness of ^. □ 

We can also prove the existence of the global attractor for the convective nonlocal 
Cahn-Hilliard equation with u G L°°{QY fl Vdiv, d = 2,3. Indeed, thanks to Corollary [H 
we can define a semigroup S{t) on y^.^ (cf. (14. 2p ) endowed the metric 



d{(pi,ip2) = \\ipi - (P2\\ + / F{ipi) - / F{(p2] 

Jn Jn 



1/2 

, y (Pl,(p2 ^ ymo- 



Then we have 
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Theorem 2. Let u e L°°{nY n Vdiv be given. Suppose that (Al), (A3)- (AT) are satisfied 
and assume that F is hounded in (—1, 1). Then the dynamical system (3^mo) S{t)) possesses 
a connected global attractor. 

The proof goes as in [T71 Proof of Theorem 4] . 

5 Existence of a trajectory attractor 

In this section, by relying on the theory developed in [SI [ID] (see also [SB]), we prove 
that a trajectory attractor can be constructed for the nonlocal Cahn-Hilliard-Navier- 
Stokes system fll.ip - fll.4l) subject to (11.51) with F satisfying (A3)-(A7). The construction 
of the trajectory attractor for problem fll.ip - fll.5l) in the case of regular potentials with 
polynomial growth has been done in [T7]. We concentrate on the 3D case. 

We shall need a slightly more general functional setting than the one devised in [S]. 
Indeed, in order to construct a trajectory attractor without any boundedness assumption 
on the potential F, we must define a family of bounded sets of trajectories with a suitable 
attraction property. Henceforth, we refer to [9] for the main definitions and notation. 
The idea is to take a subspace of the space J^^^ (where J^^^ as well as its topology 
0;"^^ are defined as in [S]) on which a metric d-p+ is given and assume that the trajectory 
space /C^ corresponding to the symbol a G S satisfies /CJ C J-"^, for every a G S. This 
approach is in the spirit of the theory of (A^, T)— attractors in [10], Chap. XI, Section 3], 
where T is a topological space where some metric is defined and M. is the corresponding 
metric space. 

Consider the united trajectory space /C^ •= Uo-gsA^a of the family {/Cj:}o-g2. We have 
/C^ C J^^ and if the family {/Cjr}o-eE is translation-coordinated then we have T{t)lC^ C 
/C^, for every t > 0, i.e., the translation semigroup {T(t)} acts on /C^. Introduce now the 
family 



We shall refer to this family in the definition of a uniformly (w.r.t cr G S) attracting set 
P C J-";^^ for {/C+}o-gs in the topology 6^^ and in the definition of the uniform (w.r.t. 
cr G S) trajectory attractor Ay, of the translation semigroup {T(t)}. 

To prove some properties of the trajectory attractor we need that the set /C^ be 
closed in Q'l^^. Recall that the family {/C+}o-6e is called (O;"!^^, S)— closed if the graph set 
Uo-esA^CT X {c} is closed in the topological space Qf^^ x E. If {/C+jo-es is (0;|^c' S)— closed 
and S is compact, then /C^ is closed in 9^^. 

Remark 6. We shall see that (cf. Proposition [5]), although by means of the topological- 
metric scheme above the boundedness assumption on the potential F can be avoided as 



By, '■= \ B (Z /Cg ■ ^ bounded in J^^ w.r.t. the metric d-p+ 
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far as the construction of the trajectory attractor for system fll.ip - fll.Sp with singular 
potential is concerned, it seems difficult to get rid of such an assumption when one wants 
to prove the closedness of the trajectory space /C^- 

We now state the main abstract result which can be established by applying (TUl Chap. 
XI, Theorem 2.1] to the topological space J^^^^-, to the family By. and to the family 

'Saj{s) := |-B C '■ ^ bounded in J^'^ w.r.t. the metric d-p+^ , 

where •= ^a&uj{Ji)^t ^"^^ where ojijl) is the cj— limit set of S, (see also [HI Theorem 

3.1]). 

Theorem 3. Let the spaces {^loci'^toc) ^'^'^ {-^bidr^) above, and the family of 

trajectory spaces {/Cjr}o-gs corresponding to the evolution equation with symbols a eT, be 
such that /Cjr C , for every a G S. Assume there exists a subset P C J^^^ which is 
compact in G^^ and uniformly (w.r.t. a & T,) attracting in B^"^^ for the family {/C+}o-gE 
in the topology O^^^. Then, the translation semigroup {T{t)}t>o, which acts on /C^ ^/ the 
family {/C+jo-GS is translation- coordinated, possesses a (unique) uniform (w.r.t. a E T,) 
trajectory attractor C P. // the semigroup {T(t)}t>o is continuous in 0^^, then 
is strictly invariant 

T{t)Aj^ = Ay, Vt > 0. 

In addition, if the family {/C+}ctgs is translation- coordinated and (O^^, S) — c/osed, with 
S a compact metric space, then At, C /C^ 

where AujCt) is the uniform (w.r.t. a G trajectory attractor for the family i3aj(s) and 

Suppose that for a given abstract nonlinear non-autonomous evolution equation a 
dissipative estimate of the following form can be established 

d^+{T{t)w,WQ) < Ao(rf^+(w,M;o))e~''* + Ai, Wt > to, (5.1) 

for every w G /C^, for some fixed Wq G J-^" and for some Aq : [0, oo) — t- [0, oo) locally 
bounded and some constants Ai > 0, A; > 0, where k, Aq and Ai are independent of w. 
Furthermore, assume that the ball 

Bj,+ {wo,2Ai) := {w G : dj,+ {w,Wo) < 2Ai} 

is compact in O;"^^- virtue of (15. ip such ball is a uniformly (w.r.t. a G S) attracting set 
for the family {/Cjr}o-gs in the topology Q'^'^^ (actually, Bjr+{wQ,2Ai) is uniformly (w.r.t. 
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(7 G S) absorbing for the family By.). Theorem [3] therefore entails that the translation 
semigroup {T(t)}t>o possesses a (unique) uniform (w.r.t. a G S) trajectory attractor 
Ay C 5^+(w;o,2Ai). 

Let us now turn to fll.ip - fll.Sp and apply to this system the scheme described above. 
For q > 1, mo G (0, 1) and for any given M > we set 

= { [v, ij] G L°°(0, M; x L^+^'^{n)) H ^^(0, M; V^i. x V) : 
Ik G L^/'\0, M- Vi,), G L\0, M- V), 
i) G L°°{Qm), 1^1 < 1 a.e. in Qm, IV'I < "^o}, 

where Qa/ = ^ x (0,M). We endow J^m with the weak topology 0a/ which induces the 
following notion of weak convergence: a sequence {[fm,'?/'m]} C J^m is said to converge to 
[v,^]e I'm in 0a/ if 

Vn V weakly* in L°°(0, M; Gdiv) and weakly in L^(0, M ; Vrfj„), 

- t;^ weakly in L^/^O, M; V^J, 
^n^^ weakly* in L~(0, M; L^^'^'^{Vl)) and weakly in L^(0, M; 1/), 
(^n)i ^ ^Ai weakly in L^Q, M; y')- 

Then, we can define the space 

Kc = {[vM e ^^c([0, oo); G,™ X L2+2'^(1])) n LL([0, oo); y,.. x V) : 
i;* G 4/,'([0, oo); yj.J, G LL([0, oo); V), 
^ G L°°(gAf), \^\ < 1 a.e. in Qm, VM > 0, |^| < mo}, 

endowed with the inductive limit weak topology 0^^^- -^toc consider the following 
subset 

J-+ = {[i;,^] G L~(0,oo;G,,„ x L'^''\^))^L\{^,^-V^^ x V) : 
V, G Ljf (0, oo; V't e L?,(0, oo; V), 

V'e^'^Woo), 1^1 <1 a.e. inQoo, |?| < ^o, F(V;) G L°°(0, oo; ^^(1])) }, 
where Qoo := x (0, oo), endowed with the following metric 

d-p^[z2,Z^^ : = 1122 - ^l||L°°(0,oo;Gd„xL2+2?{n)) + 11^2 " ^1 1| L2^{0,oo; Vd„ X y) 
+ \{v2)t - (^l)t|lL4/3(Q^^.^^,^^) + ||(^2)t - (^l)i||L2,(0,oo;y') 

+ / F(^2) - / F(^i) , (5.2) 
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for all Z2 := [t'2,^/'2], -Zi := [fi,^i] G ■ Here we recall that L^^(0, oo;X), p > 1 and X 
being a Banach space, is the Banach space of the translation bounded functions (see, e.g.. 

For the trajectory space corresponding to a symbol h we mean 

Definition 2. For every h G ^^^^^([0, oo); V^'^^) the trajectory space JC^ is the set of all 
weak solutions z = [v, tp] to fll.ip - fll.Sp with external force h which belong to the space T^^^ 
and satisfy the energy inequality f l2.13p for all t > s and for a. a. s G (0, oo). 

Remark 7. Notice that in the definition of the trajectory space /C^ we do not assume 
that the energy inequality f l2.13p is satisfied also for s = 0. In this way the family {/C^jheE 
(E is a generic symbol space included in Lf^^{[0, oo); Vjj„)) is translation-coordinated and 
therefore the semigroup {T{t)} acts on /C^- 

According to Theorem [H if (Al)-(A7) hold, then for every zo = [wqi V'o] such that 
voeGd^v, iJo^L^i^), \\H\oo<l, F{iJo)eL\n), 

and every h satisfying (A8) there exists a trajectory z G K,'^ for which z{0) = zq. 
Let us consider now 

hoeLl{o,oo-XJ, 

and observe that ho is translation compact in Lf^^^{[0, oo); V^^^) (see, e.g., [H Proposition 
6.8]). As symbol space S we take the compact metric space given by the hull of ho in 

S = n^ho) ■■= [{T{t)ho : t > 0}]^.^_([o,oo);y^„), 

where [-jx denotes the closure in X. Recall that every h G 'H+(/io) is translation compact 
in Lf^cwil'^^ ^div) ^^11 (see [HI Proposition 6.9]) and 

\\h\\Ll{0,oc;V;,J < \\ho\\Ll{0,oo;V^J, V/i G H+iho). (5.3) 

Hence we can state the main result of this section. 

Theorem 4. Let (Al)-(A7) hold and assume ho G Ljf,(0, oo; Vj^^). Then, the translation 
semigroup {T{t)} acting on /C^^(/jy) possesses the uniform (w.r.t. h E ^y^^fj^,^)) trajectory 
attractor An+{ho)- This set is strictly invariant, bounded in J^^ and compact in 0^^. 
In addition, if the potential F is bounded on (—1,1), then ^^^f^^o) '^^ closed in Q^^^, 
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The proof of Theorem H] is based on two propositions. The first one estabhshes a 
dissipative estimate of the form (15. ip for weak solutions to fll.ip -f lL5|) . 

Proposition 4. Let (A1)-(A7) hold and let Hq e L^^O, oo; Vj^^) . Then, for all h G 
'H+(/io), we have /C^ C J^^ and the following dissipative estimate holds 

d_^4-(T(t)z,0) < Ao(rf^+(z,0))e"'^* + Ai, Vt > 1, (5.4) 

for all z elCl- Here Aq : [0, oo) — )■ [0, oo) is a nonnegative monotone increasing contin- 
uous function, k and Ai are two positive constants with k = min(l/2, XiUi), Ai being the 
first eigenvalue of the Stokes operator S. Moreover, Aq, Ai depend on Ui, 1^2, Xi, F, J, I I , 
and Ai also depends on \\ho\\]^2^(^Q^^.y^ ) and on mo. 

Proof. The following estimate can be obtained by arguing as in the proof of [T21 Corollary 
2] (see also the proof of [T71 Theorem 5]). There exist two positive constants ki, k2 such 
that 

S{z)<k,(^'^\\Vvf + \\Vfif)+k2, (5.5) 

for every weak solution z = [v,ip] to fll.ip - fll.5l) satisfying ip = 0. Furthermore, it can be 
shown that ki = max(2, 1/AiZ/i). 

Take now z = [Vjtp] G /C^ with h G 'H+(/io) and set z = [v,tp], where ip := ip — ip. 
Recall that ip = ipo. It is easily seen that i' is a weak solution to the same system where 
the potential F and the viscosity v are replaced by, respectively, 

F{s) ■= F{s + ^o) - F{fo). ^s) := v{s + ^). 

Since z satisfies fl2.13p for alH > s and for a. a. s G (0, oo), then an energy inequality of 
the same form as (12.131) also holds for 'z, namely, 

8{z{t))+ r(2||y^Z}t;f +||V/lf)rfr<^(i'(s))+ [\h{T),v{T))dT, (5.6) 

J s J s 

for alH > s and for a. a. s G (0, oo), where we have set 

mt)) ■■=h\v{tW + ] I I J{x-ymx,t)-^{y,t))'dxdy+ f F(^(t)) 

and Ji := aip — J * Ip + F'{ip) = aip — J * ip + F'{ip) = fi. The weak solution z fulfills 
{■ip, 1) = and therefore (15.51) can be applied to z. Such estimate and (15. 6p entail the 
inequality 

^(^W) + V r^(2^(^))^^ ^V^t-s) + ^ f \\h{r)ry, dr 
ki Jo ki 2vi J, 
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+ £{z{s)) + — / £{z{T))dT, Vt > s, a.a. s G (0, oo). 
h Jo 

By means of the identity 

sm) = s{z{t)) - F{iJ-o)\ni 

from the previous inequahty we get 

S{z{t)) + k [ S{z{T))dT < l{t - s) + ^ [ dT + S{z{s)) + k [ S{z{T))dT, 

Jo 2i/i J, Jo 

(5.7) 

for alH > s and for a.a. s G (0,oo), where k = 1/ki and / = k2/ki + F{iljo)\^\/ki. By 
applying [T71 Lemma 1] from (15. 7p we deduce that 

S{z{t)) < S{z{s))e-''^'-'^ + ^ Te-'^^*--) (H^MUL + 2^^!^ 

<e'= sup S{z{s))e-''' + K\ (5.8) 
se(o,oo) 

for alH > and for db.db. s G (0, oo), where 

= i + 2z.i(l-e-fc)"^°"^?^(°'-^^*")- 

Here we have used (15. 3p . Note that \ipo\ < ''^io and therefore K can be estimated by a 
constant depending on i/i, Ai, F, J, and on ho, mo- Observe now that we have 

Ci(||^;(s)f +||^(s)||Jt\^)+ [ F{^p{s))-l) 

<^(^(.))<C2(||t;(.)ir+||^(s)||Jt\^)+ \ ms)) + l), (5.9) 

and therefore 

sup ^(^(s)) < C2(||t;||i^(o,i;G,„) + ll^llSi.L2+29(Q)) + sup / F(^/'(s)) + l) 

sG(0,oo) ^ \ . . V sG(0,l) ^ 

<C34+'^(^,0). (5.10) 
By combining (15.81) with (15. 9p and (I5.10p we get 

II^Wir + IIV^WIlit5,(n)+ / F(^(t))<c4t'^(^,0)e-^* + K2 + c, Vt>l, (5.11) 
which yields 
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< cd^^+''{z, 0)e-^'* + K^ + c, Vt > 1. (5.12) 

On account of the definition of the metric djr+, fl5.12p allows to estimate three terms 
on the left hand side of fl5.4l) . The remaining four terms on the left hand side of fl5.4l) 
can be handled by performing the same kind of calculations done in the proof of [T71 
Proposition 7]. In particular, the two terms in the L^f^{0, oo; Vdj^)-norm of T{t)v and in 
the L^f^{0, oo; V^)-norm of T{t)ip can be estimated by writing the energy inequality between 
t and t + 1 and by using the estimate 

\\v^^\?>h\\vn''-kAm^ 

where = Cq/2 and = 2||VJ||^i, with cq = a + /3 + min[_i_i] F2 > 0. This last estimate 
has been obtained in [12] for the case of regular potentials, but it still holds for singular 
potentials satisfying assumption (A6). Finally, the two terms in the L^/^(0, 00; V^^^)-noTm 
of T{t)vt and in the Ljf,(0, 00; l^')-norm of T{t)il)t can be estimated by comparison on 
account of (15.111) . using also the estimates for the 1/^^(0, 00; Vdj^)-norm of T{t)v and the 
L^j,(0, 00; \^)-norm of T{t)ip. We refer to [171 Proposition 7] for the details. □ 

The next proposition, which concerns with the (9a/, -^^^(0, M; Vjj„))-closedness prop- 
erty of the family {J^ff} hGL'2{o,M-y^iJ °f trajectory spaces on [0, M], requires a boundedness 
assumption on the potential F. 

Proposition 5. Let (Al)-(A7) hold and assume that the potential F is bounded on 
(-1,1). Let km e L^(0,M;Vjj^) and consider [vm,i>m] G /C^^ such that {[vm,i>m\} 
converges to [v^ip] in Qm (ii^d {/im} converges to h strongly in L"^ {0 , M ; V^^^^) . Then 

Proof. Observe that [Vm,'ipm] ^ A^/t^ 

(i) belongs to J^m with fim satisfying (12.81) : 

(ii) fulfills (I2.10l) - (l2.1ip together with /i^ = aipm — J * ipm + F\ipm) and h = km] 

(iii) satisfies the energy inequality 

S{z^{t)) + j (2||v/KVv)^tvf + ||V;U„f)rfr<£(z^(s)) + j {hm{T),Vm{r))dT, 

(5.13) 

for each m G N, for a.a. s G [0, M] and for all t G [0, M] with t > s. Thus, due to the 
convergence assumption on the sequence {[t'm,'^m]} and to the boundedness of F, it is 
immediate to see that there exists a constant c > such that 

\S{zm{s))\ < c, Vm, a.a. s G [0,M]. (5.14) 
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Therefore, (15.131) and the convergence assumption on the sequence {hm} imply the control 
II V/Xm.||L2(o,A/;//) < c. On the other hand, by exploiting the argument used in the proof of 
Theorem [T] it is easy to find the bound 

\\F'{^^)h^in)<L^, 

with G L'^{0, M) and furthermore we also have \il)rn\ < ""^o? with ttlq G (0, 1). There- 
fore, noting that f^fim = fn^'i'^m), "we deduce that ||7i^||L2(o,M) < c, with the constant 
c depending on the fixed parameter rriQ. The Poincare-Wirtinger inequality then implies 

||/im||L2{0,A/;y) < C. (5.15) 

As a consequence, there exists fi G L'^{0, M; V) such that up to a subsequence we have 

Ai, weakly in ^^(0, M; V). (5.16) 

Since, as a consequence of the convergence assumption on {[wmiV'm]}, for a subsequence 
we have [vm, 'ipm] — ^ [v, V^] strongly in L^(0, M; Gdiv x H) and hence ipm — ^ also almost 
everywhere in f2 x (0,M), then we get /i = aip — J * ip + F' (ip) . Using now the convergence 
assumptions on {[tim?"^™]} and on {hm}, the above mentioned strong convergence and 
(I5.16p . we can pass to the limit in the variational formulation for the weak solution 
[vm, 'ipm] with external force hm and deduce that [v, tp] is a weak solution with external 
force h. 

Finally, in order to prove that the weak solution [v, tp] satisfies the energy inequality 
on [0,M] with external force /i we let m — > oo in (I5.13p . In particular, we rely on 
the convergence \/ v{%l)m)Dvm ^/ jy{ip)Dv weakly in L^(0,M;if) (cf. (I3.53P ) and on 
Lebesgue's theorem to pass to the limit in the nonlinear term J^F{ilJm{s))- Hence we 
conclude that [v^ijj] G JCff . □ 

Remark 8. It is not difficult to see, by arguing as in [TOl Chap. XV, Prop. 1.1], that the 
same conclusion of Proposition O holds if the convergence assumption on {hm} is replaced 
with the weak convergence hm ^ h in L^(0, M; Gdiv)- 



Proof of Theorem^ In virtue of Proposition H] the ball i?jr+(0,2Ao) := {z G J^^ : 
djr+{z,Q) < 2Aq} is a uniformly (w.r.t. h G H^iho)) absorbing set for the family 
{lC^}heH+{ho)- Such a ball is also precompact in O^^. By applying the first part of 
Theorem [3] we deduce the existence of the uniform (w.r.t. h G Ti+lho)) trajectory at- 
tractor An+{hu) C B-p+{0,2Ao), which is compact in 9^^ and, since T(t) is continuous 
in Q^g^, strictly invariant. Proposition E] and the fact that 'H+(/?.o) is a compact metric 
space imply that the united trajectory space JC^^^^^^^^ is closed in 6^^. The second part 
of Theorem [3] allows us to conclude the proof. □ 
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6 Further properties of the trajectory attractor 



Let us discuss first some structural properties of tlie trajectory attractor. 

Denote by Z{ho) := Z('H+(/io)) tlie set of all complete symbols in ^(^{^(/lo)). Recall 
that a function ^ : M — )■ Vj^^ with ( G Lf^^{R] V^'-^) is a complete symbol in a;('H+(/io)) if 
n+T(t)C G a;('H+(/io)) for all t G M, where 11+ is the restriction operator on the semiaxis 
[0, oo). It can be proved (see P, Section 4] or [101 Chap. XIV, Section 2]) that, due to the 
strict invariance of uiTi+^hQ)), given a symbol h G ^(^{^(/lo)) there exists at least one 
complete symbol h (not necessarily unique) which is an extension of h on (— oo, 0] and 
such that U+T{t)h G u{n+{ho)) for all t G M. Note that we have U+Z{ho) = u{n+{ho)). 

To every complete symbol ( G Z^Hq) there corresponds by [101 Chap. XIV, Definition 
2.5] (see also [HI Definition 4.4]) the kernel /C^ in J-^ which consists of the union of all 
complete trajectories which belong to J^b, i-e., all weak solutions z = [v,ip] : M. ^ Gdiv x H 
with external force ( G Z^Hq) (in the sense of Definition [1] with T G M) satisfying (12.131) 
on M (i.e., for all t > s and for a. a. s G M) that belong to J-f,. We recall that the space 
(J-f,, djrj is defined as the space (J^^, cijj with the time interval (0, oo) replaced by M in 
the definitions of J-^" and djr+. The space {J^ioc, ©ioc) can be defined in the same way. 



Then, if the assumptions of Theorem H] hold with F bounded in (—1, 1) we also have (see, 
e.g., [3 Theorem 4.1]) 



and the set ]Cz{ho) is compact in 6;oc and bounded in J^b. 

On the other hand, it is not difficult to see that, under the assumptions of Theorem HI 
/C^ ^ for all C e Z{ho). Indeed, by virtue of P Theorem 4.1] (see also [lOl Chap. XIV, 
Theorem 2.1]), this is a consequence of the fact that the family {IC^}heH+iho) of trajectory 
spaces satisfies the following condition: there exists R > such that Bjr+{0, R) fl /C^ 7^ 
for all G ?/+(/io)- In order to check this condition fix an initial datum Zq = [vq, tp^], with 
Vq, tpQ taken as in Theorem[Tl We know that for every h G 'H+(/?.o) there exists a trajectory 
zl G K.'l such that 2:^(0) = Zq and such that the energy inequality fl2.13p holds for all t > s 
and for a.a. s G (0, 00), including s = 0. Arguing as in Proposition |4] (cf. (15. 8p written 
for s = and all t > 0) we get an estimate of the form djr+{zl, 0) < A{zq, Hq) (see also 
(15. 3p ). where the positive constant A depends on S{zq) and on the norm ||^o||L2j^(o,oo;yj- )• 
The above condition is thus fulfilled by choosing R = A{zq, ho). 

As far as the attraction properties are concerned, we observe that, due to compactness 
results, the trajectory attractor attracts the subsets of the family -B^+(ho) in some strong 



Set 
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topologies. Indeed, setting 

X^,,,, := H'^iQ^ X H'^iQ), Ys,,s, ■= H-'^iQf x {H'^m', (6-17) 

where < 5i, ^2 < 1 and using the compact embeddings 

L\0, M; Ki„ xV)n W'^/^iO, M; V^,, x V) L\0, M; X^,,^,), 

L^{0, M- X if) n iyi'^/3(0, M; yj„ x V) C([0, M]; Y^^^J, 

then Theorem m imphes the following (see [TUl Chap. XIV, Theorem 2.2]) 

Corollary 2. Lei (A1)-(A7) hold and assume ho G L^^(0, oo; V^'^^) . Then, for every < 
6i, ^2 < 1 the trajectory attractor A-H+{ho) from Theorem^is compact in Lf^^{[0, oo); X^^^^Jfl 
C([0, oo); ¥5^ ,52), bounded in L^j(0, 00); X^^^^^) fl Cb{[0, oo)]Ysj^^s2) > o'^^ for every B G 
^H+iho) (ind every M > we have 

distL2(oM-,Xsi,S2)(j^[0,M]'^('^)^'^[OM]'^H+iho)^ ~^ 0, 
C^^S^C([0,M];Y5^,i2) (^n[o,M]7'(t)-B, n[o,A/]^^+(h,o)) 0, 

as t ^ +00, where distx{A, B) denotes the Hausdorff semidistance in the Banach space 
X between A,BgX, and n[o,A/] is the restriction operator to the interval [0, M] . 

Let us now define, for every B C the sections 

B{t) := {[v{t),m] ■ [v,^] e 5} C Ys,,s,, t > 0. 

Similarly we set 

An+{ho)it) ■■= {[v{t),iP{t)] : [v,iP] G An+iho)} C Y^,,^^, t > 0, 

JCziho){t) := {Ht),ij{t)] : [v,4j] G /Cz(/.o)} C Y^,,^,, t G M. 

Then, as a further consequence of Theorem S] we have (see [TUl Chap. XIV, Definition 
2.6, Corollary 2.2]) the following 

Corollary 3. Let (A1)-(A7) hold and assume Hq G L^j(0, 00; Vj^^). Then the bounded 
subset 

is the uniform (w.r.t. h G Ti+lho)) global attractor in Y^^^^j, < 61,62 < 1, of system 
f ll.ip - fll.5p . namely (i) Agi is compact in Ys^^s^^ (ii) -^gi satisfies the attracting property 

distY,^ ,^ {B{t),Agi) ^0, t^ +00, 

for every B G B-^^i^ho), o,nd (Hi) Agi is the minimal set satisfying (i) and (ii). 
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Remark 9. In the 2D case the energy identity might be exploited to show the convergence 
to the trajectory attractor in the strong topology of the original phase space. This was 
done in |llj for a react ion- diffusion system without uniqueness. 
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